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This paper discusses application of multiple correspondence analysis in
ordered latent structure models. Such models are frequently used in psycho-
logical measurement theory to analyse ability (or attitude) tests, e.g. intelligence
tests. The models considered are related to those of Mokken. It turns out that,
under realistic assumptions, multiple correspondence analysis orders the ques-
tions (items) in the test according to their difficulty and orders individuals
according to their ability (or attitude).

[. INTRODUCTION

Multiple correspondence analysis (abbreviated MCA) is a modern statistical
technique for describing the association between categorical (i.e. discrete) vari-
ables. The technique is commonly used to analyse large data sets. It gives
insight into the complex dependence structure of such data sets by making
plots. MCA has proved to be an important and useful tool for analysing the
association which is present in data sets with many variables. In this paper we
discuss MCA in a more unusual situation and we need not consider its graphi-
cal representation. We apply MCA in the analysis of ordered latent structure
models. Such models are developed for the following situation which fre-
quently arises in e.g. psychology and medicine. In a population individuals
must be ordered according to their value on an unobservable characteristic (e.g.
intelligence, knowledge of a subject, attitude in a given context, a specific
disease). For this purpose responses on a set of variables related to the charac-
teristic are collected for each individual (e.g. an intelligence test). We restrict
attention to the simple case in which there is only one such characteristic,
called the latent variable, and in which the collected response variables, called
items, are dichotomous (i.e. have only two response categories; for example
‘correct’ and ‘wrong’). The set of all items is called the test. Since the charac-
teristic of interest is often hard to separate from other characteristics, the
assumption that responses on the items (i.e. the response variables) systemati-
cally depend on only one latent variable is for most applications more restric-
tive than the dichotomy assumption.
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The paper is organized as follows. Section 2 reviews the definition of the
technique MCA. In Section 3 we introduce latent structure models with
ordered items. These ordered models are special cases of the models intro-
duced by MOKKEN [17]. Our main result is given in Section 4. It demonstrates
that the ordering of items is reflected in the MCA scores. This implies that
MCA orders the individuals according to their latent value and orders the
items according to their difficulty. In the last section it is shown that most
well-known examples of latent structure models possess the orderings of Sec-
tion 3. GiFl ([5], Chap. 9) already noted the ordering property of MCA for
these specific examples, but proofs were not given.

The result presented in this paper also appeared in SCHRIEVER [23].

2. MULTIPLE CORRESPONDENCE ANALYSIS

Let X,,X;.....X; be categorical random variables. The technique MCA seeks k
real valued functions ¢;;,¢,1,....¢x 1, defined on the categories (possible values)
of X,.X,....X; respectively, such that the first principal component of the
correlation matrix of ¢,(X),¢21(X2).....¢%1(X;) has maximal variance. This
principal component is called the first MCA component. It describes the most
informative part of the variation between the categorical variables. Clearly, it is
no restriction to assume that the derived variables ¢;,(X;) have expectation
zero and variance unity, for / = 1,...k. Subsequently, MCA seeks a second
component which has maximal variance but which is uncorrelated with the
first. This procedure is continued with a third component, a fourth com-
ponent, etc. until no new component which is uncorrelated with the previous
components can be found.

DEFINITION. The t—th MCA component is the linear combination of
transformed variables

k
Y, = 2 o Py (X))

1=1
for which p, = Var(Y,) is maximal subject to

E¢y(X)) = 0, Var(on(X)) = 1 for I = 1,..k,
and the normalization constraint
k
Saf =1, 2.1
1=1
Corr(Y,,Y,) =0 fors = 1,..t —1

The MCA solution consists of all k +1 tuples (g, 0,91,(X1),-...0kPri(Xy)) for
t = 1,2,.... The value a;,¢,(x) is called the category score on the t-th MCA
component of the category x of X;; I = 1,....k; ¢ = 1.2,...

The present definition of MCA may depart from other definitions given in
the literature with respect to the normalization of the variable weights
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The illustration shows the result of a classical correspondence analysis. Respon-
dents were asked to characterize each of a number of Dutch politicians. The pic-
ture shows the embedding of politicians and characteristics in a two-dimensional
space which preserves as closely as possible chi-square type measures of distance
derived from the data.

© SPECTRAMAP, International Brainware, P.O. Box 423, 2270 CK Voorburg,
telephone 070-809141/476280

37



ay,,....04,. Also, different names for this technique are used in the literature,
e.g. homogeneity analysis (GIFI [5]) and first order correspondence analysis
(HiLL [9)).

It follows directly from the definition that

kK
Var(Y,) = 3 3 ey, Corr(g;i(X;).¢u (X))
j=u=1
which means that MCA only considers the bivariate marginals of the k-
dimensional probability distribution of X\,...,X. It is well-known (cf. GIFI
[5); GrReENACRE [6]; HiLL [9]; LEBART et al. [13]); SCHRIEVER [23]) that an
MCA solution always exists and can be obtained by solving a generalized
eigenvalue problem of the super matrix containing all bivariate marginal pro-
bability distributions.

MCA can be seen as a generalization of principal component analysis to
nominal variables. Moreover, when X, X»,..., X are all dichotomous, e.g. 0—1

variables, then by the normalization (2.1), (1) = (1—m)/m)° and

(I)/,(O) = _('ﬂ'l/(l_ﬂ/))z y where m = P{X[ = [} = I_P{X/ = O} for
[ = 1,2,...,k and ¢t = 1,2,.... (Note that the signs of ¢ (1) and ¢,(0) may be
taken arbitrary but opposite.) Hence the variance of Y, is only maximized with
respect to the variable weights a,,ay,,...,a, for 1 = 1,2,.... Therefore, MCA in
the dichotomous case is equivalent to finding the principal components of the
covariance matrix of ¢;1(X}),¢21(X2),....0x1(Xi), that is, of the correlation
matrix of X;,X,,...,X\.

For further properties, for different approaches and for applications of MCA
consult DE LEEUw [2], GiFt [5], GREENACRE [6], LEBART et al. [13] and
NisHIsATO [20].

3. ORDERED LATENT STRUCTURE MODELS

The latent structure model we consider supposes that the responses of the indi-
viduals on the k dichotomous items (variables) X, X>....,X; can be accounted
for, to a substantial degree, by one latent variable Z. It is assumed that condi-
tionally on Z the items X,X,,..,X; are stochastically independent. This
assumption of local independence means that each individual responds indepen-
dently on the items. This implies that the (global) dependence structure between
the items is caused and hence can completely be explained by variation in the
latent variable. Local independence is essential in latent structure models; if it
does not hold then the latent variable cannot be distinguished from other
interactions between the items.

Let the probability distribution function of Z be denoted by H; ie.
H(z) = P{Z<z). Our results are not based on any assumption on H and
thus hold for any (sampled) population. Let the response categories of each
item be labeled with 1 (‘correct’) and 0 (‘wrong’). The probability of a correct
response on item X; for an individual with latent value z is denoted by

m(z) = P{X; = 1IZ = 1} forzeR; 1 = 1,....0L
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It can be interpreted as the (local) difficulty of item X; for this individual. The
function () is called the trace line of item X;; | = 1,...,k. The unconditional
probability of a correct response on item X,

m = P{X; = 1} = [ m(z)dH (),
]
is the (global) difficulty of this item for the population. By local independence,
the joint probability of correct responses to both item X; and item X, j # |,
for an individual with latent value z is given by m;(z)m/(z). The unconditional
joint probability of correct responses to both items is denoted by

my = [ m(zym(2)dH (z) for Lj = 1,..k; 1% |,
R

but we define 7, = @, for / = 1,.. k. It is easily shown that the correlation
between the items X; and X; equals

a
olj — ('IT,j_'IT[WJ)/(WJ'(I_'l'l'j)'lfl(l_'”/))2 for l,j = l,...,k,

The correlation matrix of the items X', X>,..., X, is denoted by i = (oy).

MOokKkEN [17] imposes two natural conditions on the trace lines of the items
in the test. First, he assumes for each item that the probability of a correct
response increases as the individual has a higher latent value, i.e., for
I =1,.,k:

zy < z5 = m(z,) < 7/(z,) and not almost everywhere (dH)—equality; (3.1)

Secondly, Mokken assumes that if for one individual an item is more difficult
than another item, then it must be more difficult for all individuals. In other
words, the trace lines of the items may not cross each other. This means that
the items in the test can be indexed such that

1 <l <j<k=m(z)=m(z) for all z and not dH — a.e. equality. (3.2)

The items in the test are then indexed from easy to difficult. Tests satisfying
(3.1) and (3.2) are called doubly monotone. More about interpretation and
examples of doubly monotone tests can be found in MOKKEN [17]. In many
examples, see for instance those of Section 5, double monotonicity typically
occurs in combination with the following stronger ordering of trace lines,

z2 < za, 1 <1 <j < k= WI(Z[)Wj(Zz) = 77/(22)'”/'(21). (3.3)

In this case the trace lines in the test are said to be totally positive of order
2 (TP;). Also, a similar TP, property with respect to the wrong responses,

21 <2y, Isl<j<k=(1-mz )1 —7y(z2))= (1 —m(z2))1 —m;(21)) (34)

frequently holds.
The increasing property (3.1) implies that all items are positively correlated,
because

my—mm; = 5 [ [z —me W) —m AH @)dH(z) >0 (35)
R
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for I,j = 1,...k. Thus the correlations oy for Ij = 1,...k are even strictly
positive. Moreover, it trivially follows from (3.2) that

| <l < j<k=m>mnandm =m; fori #j (3:6)

Large departures from double monotonicity violate (3.5) and (3.6) and might
be detected by inspection of these properties. Notice that (3.5) and (3.6) only
concern properties of the observable items.

All these assumptions concern the underlying (population) model. We make
some remarks on the statistical problems which arise when one has only a
finite sample of real data at the end of the next section.

4. ANALYSIS OF THE MODEL WITH MCA

Analysis with MCA of the latent structure model described in the previous sec-
tion may be motivated by the interpretation of this technique and by the main
result of this section. Recall that in the dichotomous case the first MCA com-
ponent Y, equals the first principal component of the correlation matrix 3 of
the items X, X>,...,X. Therefore, Y| ‘best explains’ the dependence structure
between the items among all linear combinations of items. Since the latent
variable completely explains this dependence structure, Y, can be interpreted
as the linear combination of items which best fits the latent variable Z in this
sense. So the model will be analysed using the correct and wrong category
SCOres, v — a“(b“(l) and W — a“(b“(O) for I = 1,...,k, on the first MCA
component. It follows from Section 2 that

| 1
yn = ((1—m)/m)* ey and 0y = —(m/(1—m))" ey

for I = 1,...k, where a; = (a1,...,ax1)7 is the eigenvector of i corresponding
to the largest eigenvalue. (The superscript T denotes the transposition of a vec-
tor.)

Now suppose that a subset of items in the test satisfies the double monotoni-
city and TP, conditions. Then these items possess strong orderings with
respect to their (local and global) difficulties. The next theorem shows that
these orderings are reflected in the correct and wrong category scores of these
items, even when the remaining items do not match the orderings of the items
in the subset.

THEOREM. Suppose the test consists of m items which all satisfy (3.1) with k
replaced by m. Furthermore, suppose k of the items, which without loss of general-
ity can be taken as the first k, can be indexed such that (3.2) and (3.3) hold. Then
the correct scores of these k items satisfy

0 < T < Yai <. < Y- (4])
Similarly, if (3.1), (3.2) and (3.4) hold for these first k items, then
W < Wy << wg < 0. 4.2)
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PrOOF. Let S denote the k Xk lower triangular matrix with unit elements on
and below the diagonal and all other elements zero. Its inverse S ! is the
matrix with unit elements on the main diagonal, with elements —1 adjacent
and below the diagonal (i.e. on the first sub diagonal) and all other elements
zero. Denote by T the mXm block diagonal matrix with diagonal blocks S
and the (m —k)>X(m —k) identity matrix I. Then its inverse 7 ' is a block
diagonal matrix with diagonal blocks S ! and /.

Note that the vector y; = (Yi1,...,Ym1)’ 1S an eigenvector corresponding to
the  largest  eigenvalue of the matrix C  with  elements
¢y = (my—mm))/ (@l —m)) for [,j = 1,..,m. Since T is non-singular, v, is an
eigenvector corresponding to the largest eigenvalue of C iff d = T 'y, is an
eigenvector corresponding to the largest eigenvalue of D = T~ 'CT.

Under the conditions of the theorem, all elements of D turn out to be posi-
tive (i.e. larger than or equal to zero) and all elements of D? even turn out to
be strictly positive. This can be verified as follows. The elements of the matrix
T 'C = B = (b) equal

by = (mj—mm)/(m(1—m;)) for I =1, k+1,...m;j=1..,m,
bl_[ = (7T1 ATy W ]j)/(’ﬂ'ﬂfl_|(1—7Tj)) for | = 2,,k,_] =1,..m

Since (3.1) holds for all m items, it follows that all correlations are strictly
positive and hence bj >0 for! = Lk+1,.,m;j = 1,.,m. Furthermore, by
(3.4), 7, 'm(z) can be interpreted as a density (with respect to the measure
dH) which has the monotone likelihood ratio or TP, property. Therefore,
since m;(z) is increasing in z for each j = 1,..,m, it follows from LEHMANN
{14], p. 74) or KARLIN ({10}, p. 22) that f @y 'w,(z)wj(z)dH (2) is increasing in
[ Thus, @ _ym;—mm_; =0 and hence b; =0 for /=2, .k and
J # 1—1,1. Obviously, by > 0 and b, , < 0 for I = 2,...,k. So the matrix B
has positive elements except for by_,; ! = 2,...k. But by (3.2), m,_, > =
which implies that b, | + b, > 0 for | = 2,..,k. Therefore, D = BT has
positive elements. Moreover, since b,j >0 for | = Lk+1,.,m and
J = L,..,m and since by | + by > 0 for I = 2,..k, it follows that the ele-
ments in the first row of D and the elements in the first column of D are
strictly positive. This implies that all elements of D? are strictly positive.

Application of the Perron-Frobenius theorem (cf. GANTMACHER [4], p. 53 or
RAO [21], p. 46) yields that the eigenvector d = (d,,...,d,,)" corresponding to
the largest eigenvalue of D? (or of D) has strictly positive components. Since
d =T 'y, or equivalently dy = vy, for! = Lk+1,...mand d; = v;, —v, -1
for I = 2,...,k, the result (4.1) follows. The proof of (4.2) is similar. [

The conditions (3.2), (3.3) and (3.4) of the theorem can be relaxed; see SCHRI-
EVER [23].

This result shows that the MCA correct and wrong category scores reflect
the difficuities of the items. Since these scores do not depend on the order in
which items are presented to MCA, this ordering property can be used, in
combination with (3.5) and (3.6), for a first investigation of the model
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assumptions. Moreover, the theorem suggests that ordering the individuals
according to their MCA test score Y| is reasonable: responding to a difficult
item correctly yields a large contribution to this test score and responding to it
wrongly does not cost much, whereas for an easy item it is the other way
around. The test score Y is a weighted sum of items with small weights for
items which are less related to the latent variable than other items.

Analysis with MCA is an alternative to the method proposed by MOKKEN
[17] in which individuals are ordered according to the unweighted sum of
correct responses. It is unknown, however, in which cases which method actu-
ally works better. An advantage of the MCA approach is that our results can
be generalized, in a natural fashion, to the case where items have three or more
response categories. Such a generalization of Mokken’s method, as discussed
by MOLENAAR [19], is quite complicated and less natural.

In practice the probabilities m, and = for j,/ = 1,...,m have to be estimated
by the relative frequencies of correct responses. Although the MCA scores
based on these estimates need not reflect the difficulties of the items even when
the underlying model satisfies the assumptions of the theorem, one would
expect the total score Y to reflect the appropriate ordering of the individuals
quite well. It is, however, difficult to derive precise and useful statistical pro-
perties of such qualitative aspects.

5. EXAMPLES OF MODELS
Latent structure models for dichotomous variables studied in the literature (e.g.
ANDERSEN [1]; FiscHer [3]; Lorp and Novick [16] are commonly of
parametric form, that is, the functional form of the trace lines is specified.
Often there is, however, no evidence that the specificd functional form is actu-
ally present in the test at hand. The parametric examples below generally
satisfy the double monotonicity and TP, conditions and, therefore, analysis
both with MCA and with Mokken’s method is legitimate. These examples are
also discussed in MOKKEN [17] and MOLENAAR [18]; the ordering property of
MCA under these models are mentioned, but not proved in GIFI [5].

In Guttman’s model the responses on the items are deterministic functions of
the latent variable. The trace lines are given by

1 if z=§
m(z) = 0 if z<§, forl = 1,...,k,

where the item parameters satisfy §; < 8, <... < 8. In this model an indivi-
dual cannot respond correctly to a difficult item and wrongly to an easier item.
Hence a perfect analysis is possible. Double monotonicity and TP, of trace
lines are easily verified and thus by the theorem the correct and wrong
category scores of the items (on the first MCA component) increase as the item
becomes more difficult. Moreover, it is demonstrated in SCHRIEVER [23] that
the correct and wrong category scores on higher MCA component are oscillat-
ing functions of the item difficulty. The practical relevance of these stronger
ordering properties is, however, limited. (Slightly weaker oscillatory properties
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for the principal components a,...,a; of Et are proved in GUTTMAN [7] and
interpreted in GUTTMAN [8].)

A somewhat more realistic generalization of the previous model is the latent
distance model of LAZARSFELD and HENRY [12]. The trace lines of this model

satisfy
1-¢ 1if 226
7z) = ¢ if 2 <5, forl = 1,...,k,

where §; < 6, <..< §, and g < 1—§ for!/ =1, k. If ¢ >0and {;, >0
for I = 1,...k, then double monotonicity and TP, cannot hold simultane-
ously. But the weaker conditions for our main theorem are satisfied when
my >, me—y = m o and m(1—=¢ ) =7, (1) for I = 2,k and
hence (4.1) and (4.2) remain valid (cf. SCHRIEVER [23]).

In the linear model of Lazarsfeld the trace lines satisfy a(z) = g,z +b; pro-
vided 0 < gz +b; < | for I = 1,....k. The conditions (3.1) and (3.2) are for
instance satisfied when a; | < g, and b,_, = b, for I = 2,....k. The TP, con-
ditions (3.3) and 3.9 hold when a;_ by < aib; and
aQ |(1+b1) = a,(l+b, .|) forl = 2,.‘.,k.

RascH [22] developed a model in which the unweighted sum of all correct
responses is sufficient for Z. The trace lines are given by 7(z) = z/(z +8;) or
=0asz =0orz <0, where 0 < §, <...,8,. This model is a special case of
a model considered by Birnbaum (cf. Chap. 17-20, Lorp and Novick [16]).).
In Rasch’s model the unweighted sum of correct responses ‘uniformly best
discriminates’ the individuals (cf. MOKKEN [17], p. 141). Double monotonicity
and TP, of trace lines is easily verified.

The last example consists of models based on shifts in distribution functions.
For an univariate distribution function F the trace lines are defined by
m(z) = F(z—§) for I = 1,...k and §; < §, <...< §;. Double monotonicity
1s obvious. The TP, conditions hold when the density p of F (with respect to
some measure) is log concave. Special choices of such distributions F yield
well-known models, e.g. degenerate distribution (Guttman’s model), logistic
distribution (Rasch’s model), normal distribution (models of LAWLEY [11} and
Lorp [15]). Other examples of such distribution functions are the gamma,
Poisson and binomial distribution function.
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